Primeness on modules can be defined by prime elements in a suitable partially ordered groupoid. Using a product on the lattice of submodules L(M ) of a module M defined in [3] we revise the concept of prime modules in this sense. Those modules M for which L(M ) has no nilpotent elements have been studied by Jirasko and they coincide with Zelmanowitz' "weakly compressible" modules. In particular we are interested in representing weakly compressible modules as a subdirect product of "prime" modules in a suitable sense. It turns out that any weakly compressible module is a subdirect product of prime modules (in the sense of Kaplansky). Moreover if M is a self-projective module, then M is weakly compressible if and only if it is a subdirect product of prime modules (in the sense of Bican et al.). An application to Hopf actions is given.
Introduction
Generalizing ring theoretic notions to modules often creates difficulties when they are of a multiplicative nature. If no obvious notion of a multiplication in a module is at hand, one often has to simulate the ring theoretic behaviour. However any such generalisation should coincide with the original one when applied to the ring itself.
In the following all rings R will be associative with unit. We will refer to a unital left R-module simply as "module" if the context is clear. End R (M ) denotes the ring of R-endomorphisms of a module M and we write endomorphisms on the opposite side to scalars. Ann R (M ) is the annihilator ideal of M in R, i.e. the ideal consisting of all elements x of R such that xm = 0 for all m ∈ M .
The concept of a prime ideal, resp. of a prime ring, is obviously a multiplicative notion. When we want to create a notion of primeness of a module M it is natural to look first to the rings that are attached to M , i.e. R/Ann R (M ) and End R (M ). Let us briefly characterise when those rings are prime (resp. semiprime) in terms of the module M : Proposition 1.1 Let R and S be rings and M be an (R, S)-bimodule. Assume that M is a faithful left R-module. Then the following are equivalent:
(a) R is a prime ring. Interchanging left and right in Proposition 1.3 we also can apply the proposition to determine when the endomorphism ring of a module is semiprime.
Corollary 1.4
The endomorphism ring of a module M is semiprime if and only if, for all fully invariant, M -generated submodules N of M , if f ∈ Hom R (M, N ) and N f = 0 then f = 0.
Prime elements in partially ordered groupoids.
The concept of a prime ideal of a ring just depends on the multiplication of (left) ideals in the ring and of the partial order of ideals. This allowed Birkhoff to carry the notion of prime ideals over to partially ordered sets that admit a multiplication, as follows. A partially ordered set L is called a partially ordered groupoid (po-groupoid) if there exists a binary operation :
a ≤ b implies a c ≤ b c and c a ≤ c b.
If the operation is associative, then L is called a po-semigroup and if there exists an element 1 ∈ L with a 1 = a = 1 a for all a ∈ L, then L is called integral. An integral po-semigroup is simply called a po-monoid. If L is a lattice then L is called a 0 -groupoid and if moreover distributes over join, i.e. for all a, b, c ∈ L :
then L is called a lattice ordered groupoid or -groupoid for short.
A zero element of a po-groupoid L is an element 0 which is the least element of L with respect to ≤ and a Birkhoff [4] , [13] or [12] ). An element s ∈ L is called semiprime if s is the lower bound of some prime elements {p λ } Λ of L, i.e. ∀λ ∈ Λ : s ≤ p λ and if for some x ∈ L : x ≤ p λ for all λ then x ≤ s. In case L is a lattice this means s = p λ . The prime radical of L is (if it exists) the lower bound of all prime elements of L. A po-groupoid L with zero 0 is called prime if 0 is a prime element. A po-groupoid L with zero 0 is called semiprime if 0 is a semiprime element.
In the sequel we want to compare the semiprime condition with the condition that there are no non-zero nilpotent elements. Since the notion of a nilpotent element involves the notion of a power of an element and since a power of an element in a not necessarily associative groupoid is not well-defined we give the following definition.
First we review the (recursive) definition of a binary tree. The empty tree T = ( ) is a binary tree and every expression T = (T l , T r ) is a binary tree where T l and T r are binary trees. T l (resp. T r ) will be called the left (resp. right) branch of T . The set of all finite binary trees is denoted by T. The height of a tree T is defined as 0 if T = ( ) and max(n, m) + 1 if T = (T l , T r ) where n is the height of T l and m is the height of T r . Definition 2.1 Let L be a po-groupoid. For every a ∈ L we define the map µ a :
Then any element in the image of µ a is called a power of a.
If L has a zero element 0, then a ∈ L is called nilpotent if 0 is a power of a. If the only nilpotent element of L is 0 we say that L is reduced.
We'll show that under suitable assumptions L is reduced if and only if L has no non-zero square-zero elements, i.e. no non-zero elements a ∈ L such that a 2 := a a = 0.
The full binary tree F n of height n is defined as follows: F 0 = ( ) and F n = (F n−1 , F n−1 ) for n ≥ 1. The following Lemma can be easily proved using induction.
Lemma 2.2 Let L be a po-groupoid and a ∈ L such that a 2 ≤ a. Then the following holds:
2. µ a (T ) ≥ µ a (F n ) for all binary trees T of height n.
Proof. (1) follows by induction and the hypothesis. (2) is clear for n = 0. Assume (2) has been proved for all T of height n for some n ≥ 0. Let T be of height n + 1 and write T = (T l , T r ). Let k be the height of T l and m be the height of T r . Then n + 1 = max(k, m) + 1 and so n = max(k, m). By induction and (1):
Corollary 2.3 Let L be a po-groupoid with zero and let a be an element of L such that a 2 ≤ a. If a is a non-zero nilpotent element then there exists a non-zero power b of a such that b 2 = 0.
Proof. Let 0 be a power of a. Then there exists a (non-empty) binary tree T such that µ a (T ) = 0. Choose such a tree T with minimal height, k say. By the Lemma,
gives the element desired. Since the height k is minimal, b = 0.
As a corollary we get Corollary 2.4 Let L be a po-groupoid with zero 0 such that every element a satisfies a 2 ≤ a. Then L is reduced if and only if L has no non-zero square-zero elements.
In relation to semiprime po-groupoids we can now deduce Corollary 2.5 A semiprime po-groupoid L whose elements a satisfy a 2 ≤ a is reduced.
Proof. By Corollary 2.4 it is enough to check that if x ∈ L and x 2 = 0 then x = 0. Since 0 is a lower bound for some set of prime elements {p λ } Λ of L, we have x 2 ≤ p λ and so x ≤ p λ for each λ. Hence x = 0 as 0 is the lower bound of {p λ } Λ .
Under somewhat technical conditions we show that the converse is also true.
Recall that an element c of a lattice L is called compact if, whenever c ≤ ∨ i∈I a i , there exists a finite subset F ⊆ I such that c ≤ ∨ i∈F a i . We say that an element
Elements that are left and right ideals are called ideals. Theorem 2.6 Let L be an -groupoid with zero 0 such that every element of L is an ideal and bounds a non-zero compact element. Then L is semiprime if and only if it is reduced.
Proof. If L is semiprime, then it is reduced by Corollary 2.5. Now assume that L is reduced. Set q := {p ∈ L | p is a a prime element}.
Assume q = 0. By hypothesis, q bounds a non-zero compact element 0 = x 1 ≤ q. Since L is reduced, x we may obtain an infinite sequence of non-zero compact elements {x n } n∈N such that for all n ∈ N:
We shall apply Zorn's Lemma to obtain a maximal member of Ω. First note that Ω is not empty, since 0 ∈ Ω. Let {p λ } λ∈Λ be a chain in Ω and set p := λ∈Λ p λ .
Assume that x n ≤ p for some n ∈ N. Then (since x n is compact) there is a λ ∈ Λ with x n ≤ p λ , a contradiction since p λ ∈ Ω. Hence p ∈ Ω and we can apply Zorn's Lemma to give a maximal member p ∈ Ω. Let us show that p is actually a prime element of L. Assume a b ≤ p for some elements a and b of L. Then
since L is an -groupoid and p is an ideal. Suppose that a ∨ p and b ∨ p are strictly above p, then (by the maximality of p) there exist n, k such that x n ≤ a ∨ p and
Without loss of generality we may assume n ≤ k, then
3 The lattice of submodules of a module as a pogroupoid.
Let M be a left R-module and S := End R (M ). We denote by L(M ) the lattice of R-submodules of M and by L(R) (resp. L(S)) the lattice of left ideals of R (resp. S). In order to define a prime notion on M we are looking for a suitable "product" on the lattice of submodules L(M ). One way to achieve this is by defining a product using maps from L(M ) to L(R) (resp. L(S)) and the multiplication in R (resp. S) or the action of R (resp. of S) on M . For instance we define
Combining these maps and the action of S on M we get a product
This means concretely:
This product has been defined in [3] and has the following properties:
Proposition 3.1 Let M be an R-module and let be as above.
(L(M ), )
is an 0 -groupoid with the submodule 0 as zero element.
All elements of
3. For all submodules N, K, L of M the following hold:
is an -groupoid, i.e. distributes over +.
is an -semigroup, i.e. is associative and distributes over +.
Proof. All conditions are easily verified. For (4) and (5) see [3] .
We denote by L g (M ) the set of M -generated submodules of M and by L 2 (M ) the set of fully invariant submodules of M , which are precisely the ideals in L(M ). The set of M -generated submodules is invariant under right action of , i.e. if N is M -generated, then N L is M -generated for all L. The set of fully invariant submodules is invariant under left action of , i.e. if N is fully invariant, then also
be the set of M -generated, fully invariant submodules of M . This is an integral 0 -groupoid with unit element M .
A module M is called a multiplication module if every submodule N of M is of the form IM for some two-sided ideal I of R. Hence every submodule of M is fully invariant, i.e. L(M ) = L 2 (M ). Moreover if R is commutative, every submodule is M -generated since for any ideal I and any x ∈ I the map ϕ x : M → IM with ϕ x (m) := xm is R-linear. Thus multiplication modules over commutative rings are self-generators whose submodules are fully invariant, i.e. L(M ) = L g 2 (M ). For any module M and ideals I and J of R, the -product of IM and JM is contained in IJM :
and the reverse inclusion is also easily established provided M is a self-generator, i.e. Trace (M, JM ) = JM . Hence we can describe the -product of submodules of multiplication modules: We see that the product of submodules of multiplication modules over commutative rings as defined in [1] coincides with our -product. With our approach it is not necessary to show that this product is independent of the choice of representing ideals I and J for the submodules N and L.
For any submodule N ∈ L(M ), let Rej (M, N ) be the reject of N in M , i.e.
Then it is easily verified that Rej 
-Prime modules.
Using the product we now define prime elements and nilpotent elements in L(M ). A module M is called retractable if Hom R (M, N ) = 0 for all 0 = N ⊆ M (see [20] ). Retractable modules can also be characterised by the property that Trace (M, N ) is essential in N for any submodule N of M . Let us call a module that satisfies one of the above equivalent conditions aprime module. This is the definition of "prime" module used by Bican et al. in [3] .
Obviously by property (d), every retractable module with prime endomorphism ring is -prime. When M satisfies a projectivity condition -prime coincides with M being a retractable module with prime endomorphism ring: A module M is called semi-projective if any diagram It follows from an old result of Amitsur that torsionless modules over a prime ring are retractable and have a prime endomorphism ring. Recall that an R-module M is torsionless if it is cogenerated by R. Proposition 4.3 Every torsionless module over a prime (resp. semiprime) ring is retractable and has a prime (resp. semiprime) endomorphism ring.
Proof. See [2, Theorem 27 and Corollary 21].
A module M is called fully faithful if every non-zero submodule of M is faithful. The "classical" notion of a prime module is the following: M is prime if M is a fully faithful R/Ann (M )-module (see [11] ). It is easy to see that -prime modules are prime and that the annihilator of a prime module is a prime ideal.
Using Amitsur's result we can show the following: The above corollary applies in particular to projective modules. Note that in general prime modules are not -prime modules as the Z-module Q shows.
Recall that a ring R is called left duo if every left ideal of R is two-sided.
Theorem 4.5
The following statements are equivalent for a module M over a left duo ring R:
(a) M is retractable with prime endomorphism ring.
(b) M is -prime.
(c) M is cogenerated by R/P for some P ∈ Spec(R).
Proof. We see that every -prime module over a commutative ring has a prime endomorphism ring. I have been unable to find an example of a -prime module whose endomorphism ring is not prime. Hence I state this as an Open Problem: Find a -prime module whose endomorphism ring is not prime.
As with -prime modules, which were defined in terms of prime elements in the 0 -groupoid (L(M ), ), duprime modules were also initially defined using prime elments in a po-groupoid, as follows. Those multiplication modules which are -prime can be characterised as compressible modules. Recall that a module M is called compressible if it can be embedded in each of its non-zero submodules. For (c)(i) ⇒ (a) let N be a non-zero submodule of M . Since M is retractable, we may choose a non-zero f ∈ Hom R (M, N ). Since gf = 0 for any g ∈ Hom R (M, Ker(f )) and End(M ) is a domain, we have Hom R (M, Ker(f )) = 0. But as M is retractable, f must be injective and so M can be embedded in N . If R is commutative, then every multiplication module is a self-generator and hence retractable. Thus the notions -prime, prime and compressible coincide for multiplication modules over commutative rings.
Multiplication modules over non-commutative rings appear in the study of algebras A seen as bimodules over their multiplication algebra. Let R be a commutative ring and let A be an R-algebra with unit, but not necessarily associative. For any a ∈ A, let L a (resp. R a ) denote the R-linear map L a (x) = ax (resp. R a (x) = xa) for x ∈ A. The multiplication algebra M (A) of A is the R-subalgebra of End R (A) generated by the maps L a and R a . A becomes a faithful unital cyclic left M (A)-module under the ordinary action of endomorphisms on A. Denote this action by ·, i.e. for f ∈ M (A) and a ∈ A, we set f · a := f 5 Semiprime and weakly compressible modules.
In this section we will discuss when (L(M ), ) is reduced, resp. semiprime.
Recall that a module M is called weakly compressible if for any non-zero submodule N of M there exists an endomorphism f : M → N such that f |N = 0 (see [20] ). 
Hence we see that the semiprime notion with respect to our -product is precisely the notion of a "weakly compressible" module. This "semiprime" definition coincides with Jirasko's in [10] , following [3] . As in the prime case we see that a retractable module with semiprime endomorphism ring is weakly compressible. In contrast to the -prime case, over commutative rings the converse is not true: if M is the Z-module Z ⊕ Z 2 , then M is weakly compressible, but End Z (M ) is not semiprime. More generally, the direct sum of weakly compressible modules is weakly compressible but, for modules M and N , End R (M ⊕ N ) is semiprime if and only if End R (M ) and End R (N ) are semiprime and f Hom R (M, N )f = 0 and gHom R (N, M )g = 0 for all nonzero f : N → M and nonzero g : M → N .
However, by Theorem 5.1, for a semi-projective module we get:
Corollary 5.2 A semi-projective module is weakly compressible if and only if it is a retractable module with semiprime endomorphism ring.
If P is a prime ideal of a ring R, then R/P is a prime module. It is well-known that a ring R is semiprime if and only if the intersection of all its prime ideals is zero, i.e. R is a subdirect product of the prime modules R/P . Hence one might consider modules that are subdirect products of prime modules as "semiprime", as was done by P. F. Smith and R. McClasland for the "classical" prime module concept.
In general subdirect products of prime modules don't have to be weakly compressible as the Z-module Q shows. But the converse holds as we will see. First note the following Lemma:
Lemma 5.3 Let M be a non-zero R-module and P a fully invariant submodule of M . If P is a prime element in (L 2 (M ), ) then M/P is a prime module.
Proof. Let S be the endomorphism ring of M and let P ⊆ K ⊆ M for some submodule K of M . Set I = Ann R (K/P ). Note that I = Ann R (KS/P ). Since P is fully invariant and (IM ) (KS) ⊆ IKS ⊆ P , we get
Note that IM + P and KS are fully invariant submodule of M , i.e. elements of L 2 (M ). Since P is a prime element in (L 2 (M ), ) we get IM ⊆ IM + P ⊆ P or K ⊆ KS ⊆ P , i.e. I = Ann R (M/P ) or K = P . Hence M/P is a prime module.
Together with Theorem 5.1 and 2.6 we get as a corollary: is semiprime, i.e. there exist fully invariant submodules P λ for λ ∈ Λ such that 0 = λ∈Λ P λ . By the Lemma M/P λ is a prime module for all λ Actually to conclude that M is a subdirect product of prime modules we just need that (L 2 (M ), ) is reduced. There are many "semiprime" notions for modules. We will sumarize them in the next Proposition. First of all recall some definitions. Jirasko called a module M pseudo-semiprime if N ∩ Ann R (N )M = 0 for all N ⊆ M (see [10] ). Since Ann R (N )M ⊆ Rej (M, N ) holds, we see that weakly compressible modules are pseudo-semiprime. 
Then the implications
follows from the proof of 5.4. (v) ⇒ (vi) Let {P λ } Λ we submodules such that M/P λ is prime and Λ P λ = 0. Let N be a submodule of M . Set Λ := {λ ∈ Λ | N ⊆ P λ }. For all λ ∈ Λ we have Ann ((N + P λ )/P λ ) = Ann (M/P λ ). Hence For multiplication modules over a commutative ring we can show that the conditions above are all equivalent: Proposition 5.6 Let M be a multiplication module. Then M is weakly compressible if and only if M is retractable and Ann R (M ) is a semiprime ideal.
Proof. Let f ∈ End R (M ) and choose an ideal I of R such that Im (f ) = IM . If
Whether every weakly compressible module is a subdirect product of -prime modules is not known to me. However in case the module is self-projective we may apply 2.6. Open Problem: 1.) Find a weakly compressible module which is not a subdirect product of -prime modules. 2.) Find a module that is cogenerated by each of its essential submodules, but which is not weakly compressible.
Prime and Semiprime abelian groups
In this section we want to determine the abelian groups that have the previously considered prime properties.
Faithful prime abelian groups coincide with the torsionfree abelian groups. The faithful -prime abelian groups M are precisely the torsionless abelian groups, i.e. those embeddable in a direct product of infinite cyclic groups. As noted, this is equivalent to M being retractable with prime endomorphism ring.
The nonfaithful prime abelian groups are precisely those that are isomorphic to a direct sum of copies of Z p . In the nonfaithful case, prime and -prime abelian groups coincide.
The following theorem of Samsonova [17] characterises the weakly compressible abelian groups: Note that M = Q is prime, and hence a subdirect product of prime modules, but not weakly compressible.
We now characterise the abelian groups that are subdirect products of prime abelian groups. Dauns called a module M semiprime if aRam = 0 implies am = 0 for all m ∈ M and a ∈ R. In other words the annihilator of each element m of M is a semiprime left ideal in the sense of Koh. In case R is commutative, M is semiprime in the sense of Dauns if and only if the annihilator of each submodule of M is a semiprime ideal (see [7] or [6] ). Note that any pseudo-semiprime module is semiprime in the sense of Dauns. For abelian groups the concepts of Dauns and Jirasko coincide: 
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